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PHDVXUHGWKUXVWDQGSRZHU>@)RUODUJHEORFNDJHUDWLRVFRUUHODWLRQVFDQEHXVHGWRDGMXVW
PHDVXUHG GDWD 7KH EORFNDJH UDWLR DW ZKLFK WR DSSO\ FRUUHFWLRQV LV DQ RQJRLQJ GLVFXVVLRQ
ZLWKLQWKHLQGXVWU\)RUH[DPSOH7HGGV>@SUHVHQWHGWHVWVRQDPGLDPHWHUWXUELQHLQD
WRZ WDQN ZLWK D EORFNDJH UDWLR RI DSSUR[LPDWHO\  ZLWKRXW D EORFNDJH FRUUHFWLRQ DQG
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LQDUHGXFWLRQLQERWKWKHSRZHUFRHIILFLHQWCS,DQGWKUXVWFRHIILFLHQWC7
7RH[WUDSRODWHVFDOHPRGHOGDWDWRDIXOOVFDOHSURWRW\SHLWPXVWEHVKRZQWKDWWKHPRGHODQG
SURWRW\SHREH\WKHVDPHSK\VLFDOODZVDQGWKDWUHOHYDQWGLPHQVLRQOHVVQXPEHUVDUHWKHVDPH
IRUERWK)RUFHUDWLRVG\QDPLFVLPLODULW\DUHSDLGWKHPRVWDWWHQWLRQLQWKHGHVLJQRIVFDOH
PRGHO WHVWV DV JHRPHWULF DQG NLQHPDWLF IOXLG DQG YHORFLW\ UDWLRV VFDOLQJ DUH PRUH HDVLO\
GRQH>@5H\QROGVQXPEHUVFDOLQJLVWKHPRVWUHOHYDQWIRUWLGDOWXUELQHVDVLWFRQVLGHUVIXOO\
VXEPHUJHGGHYLFHVEXWLVDOPRVWLPSRVVLEOHWRDFKLHYHIRUVPDOOVFDOHPRGHOVEHFDXVHRIWKH
KLJK URWDWLRQDO DQG LQIORZ VSHHGV UHTXLUHG E\ WKH WHVW IDFLOLWLHV :KHQ 5H\QROGV QXPEHU
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GHWHUPLQDWLRQ RI SRZHU RXWSXW RU VWUXFWXUDO ORDGV >@ EXW LV LPSRUWDQW ZKHQ FRQVLGHULQJ
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 0HWKRGRORJ\ 
7KLVVHFWLRQRXWOLQHVWKHWHVWVHWXSLQVWUXPHQWDWLRQGHVLJQRIH[SHULPHQWDQGWHVWSURFHGXUHV
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$ PRWRU ZDV XVHG WR GULYH WKH URWRU DW D FRQVWDQW URWDWLRQDO VSHHG ZKLOH WKH WRUTXH ZDV
PHDVXUHGZLWKWKHWKUXVWDQGWRUTXHWUDQVGXFHU$JHDUER[ZDVXVHGWRVWHSGRZQWKH
URWDWLRQDOVSHHGRIWKHPRWRUWRJLYHWKDWRIWKHURWRU$)XWHN)6+WRUTXHDQGWKUXVW
ELD[LDOVHQVRUZDVXVHGWRPHDVXUHWKHWKUXVWDQGWKHWRUTXHRQWKHURWRUV\VWHP$Q,6
6:  &$7 VOLS ULQJ ZDV XVHG WR IHHG WKH HOHFWULFDO VLJQDO IURP WKH URWDWLQJ
G\QDPRPHWHUDQGVWUDLQJDXJHVWRWKHGDWDDFTXLVLWLRQ'$4V\VWHP 
$SUR[LPLW\VHQVRUZDVXVHGDVDSXOVHFRXQWHUWRFRXQWWKHQXPEHURIVKDIWUHYROXWLRQVLQD
JLYHQWLPHSHULRG'DWDZDVORJJHGXVLQJD&DPEULGJH(OHFWURQLF'HVLJQ3RZHU'$4
DQGWKH'$4SURJUDP6SLNHDQGH[SRUWHGDVWH[WILOHVIRUSRVWSURFHVVLQJLQ0$7/$%
7KHPRWRUVOLSULQJDQGWKUXVWDQGWRUTXHVHQVRUVZHUHHQFORVHGLQDVXEPHUJHGFRQWDLQHU
D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ZKLFKZDVULJLGO\PRXQWHGWRWKHFDUULDJHDQGORFDWHGDSSUR[LPDWHO\GLDPHWHUVGRZQVWUHDP
RIWKHURWRU 
6WUDLQJDXJHVDWWDFKHGWRWKHEODGHURRWZHUHXVHGWRPHDVXUHWKHD[LDOEODGHDQGDQG
UDGLDOEODGHEODGHURRWEHQGLQJPRPHQWV7KHVWUDLQJDXJHVZHUHSRVLWLRQHGRQF\OLQGULFDO
VWHHOWUDQVGXFHUVZKLFKZHUHLVRODWHGIURPWKHZDWHUZLWKZDWHUSURRILQJPDWHULDODVVKRZQLQ
)LJXUH7KHXSSHUVHFWLRQRIHDFKVWHHOWUDQVGXFHUZDVEROWHGILUPO\WRDEUDVVIODQJHDQG
SLQGHVLJQHGWRHQDEOHDQDFFXUDWHSLWFKVHWWLQJ
)LJXUH3KRWRJUDSKRIKXEEHQGLQJPRPHQWWUDQVGXFHUDQGEODGHYLHZHGLQD[LDOSODQH
DORQJWKHxD[LV

7RILUPO\FRQQHFWWKHEODGHDQGKXELQDOOGHJUHHVRIIUHHGRPEROWVZHUHVHFXUHGWKURXJKWKH
IODQJHVDQGWKHSLQZDVVORWWHGLQWRDKROHGULOOHGRQWKHERWWRPVLGHRIWKHEODGHVDWDSRLQW
RQWKHFKRUGOLQH7KHSRVLWLRQRIWKLVSLQKROHRQWKHFKRUGOLQHRIWKHEODGHFRLQFLGHGZLWK
WKHPLGSRLQWRIWKHKXEGHSWK
&RQVLGHUDEOHHIIRUWZDVJLYHQWRHQVXULQJHDFKEODGHZDVVHWDW WKHVDPHURRWSLWFKVHWWLQJ
DQGWKDWWKHYDOXHDQGXQFHUWDLQW\RIWKHURRWSLWFKZHUHTXDQWLILHG7RDFKLHYHWKLVDGHSWK
JDXJHIL[HGLQWKHKRUL]RQWDOSODQHZDVXVHGWRPHDVXUHWKHGLVWDQFHEHWZHHQWKHHGJHRIWKH
URWRUKXEDQGWKHWUDLOLQJHGJHRIWKHEODGHDWWKHURRW7KHEODGHVZHUHURWDWHGDERXWWKHSLQV
XQWLO WKLVGLVWDQFHZDVWKHVDPHIRUHDFKEODGH7KHVHGLPHQVLRQVZHUHLQSXW WRWKHRULJLQDO
&$'PRGHORIWKHURWRUDQGXVHGWRGHWHUPLQHWKHDQJOHEHWZHHQWKHEODGHFKRUGOLQHDQGWKH
URWRUSODQH,QWKH&$'DVLQWKHSK\VLFDOWXUELQHWKHEODGHVZHUHFRQVWUDLQHGWRKDYHRQH
GHJUHH RI IUHHGRP LQ URWDWLRQ DERXW WKH SLQ SRVLWLRQ RQ WKH KXE 7KH UHVXOWLQJ DQJOH ZDV
8SSHUVHFWLRQRIVWHHO
WUDQVGXFHU
:DWHUSURRILQJ
PDWHULDO
%UDVVSLWFKVHWWLQJ
IODQJH %ODGH


REWDLQHG IURP WKH &$' SURJUDP $ PDFKLQLQJ WROHUDQFH RI  P H[LVWHG IRU HDFK
GLPHQVLRQRI WKHEODGHV7KHRULJLQDOPDFKLQLQJSURFHVVDQG WKH VXEVHTXHQWGULOOLQJRI WKH
SLQKROHUHVXOWHGLQXQFHUWDLQW\EHWZHHQWKH&$'PRGHODQGWKHSK\VLFDOWXUELQH:KHQWKLV
ZDVWDNHQLQWRFRQVLGHUDWLRQKHXQFHUWDLQW\LQWKHSLWFKVHWWLQJDWWKHURRWRIWKHEODGHZDV±
° 7KH TXDQWLILFDWLRQ RI WKLV XQFHUWDLQW\ DOORZV DFFXUDWH WXUELQH PRGHOOLQJ LQ WKH
QXPHULFDO SHUIRUPDQFH SUHGLFWLRQ WRROV DQG LQIRUPV WKH XSSHU DQG ORZHU OLPLWV RI D
VHQVLWLYLW\DQDO\VLV
2.2. Theory 
7RIDFLOLWDWHGLUHFWFRPSDULVRQRIGLIIHUHQWWXUELQHV\VWHPVUHJDUGOHVVRIVL]HRUGHVLJQLWLV
UHFRPPHQGHGE\(TXL0DU>@WKDWQRQGLPHQVLRQDOL]HGWXUELQHSHUIRUPDQFHFKDUDFWHULVWLFV
VKRXOGEHXVHG7KHUHOHYDQWSHUIRUPDQFHFKDUDFWHULVWLFVIRUWKHWHVWVSUHVHQWHGKHUHDUH
x 7KHFRHIILFLHQWRISRZHUC3ZKLFKGHVFULEHVWKHHIILFLHQF\RIDURWRULQFDSWXULQJWKH
DYDLODEOHHQHUJ\LQDVWUHDPWXEHRIWKHVDPHGLDPHWHUC3LVGHILQHGDV
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x 7KHFRHIILFLHQWRIWKUXVWC7ZKLFKGHVFULEHVWKHD[LDOWKUXVWH[SHULHQFHGE\WKHURWRU
FDXVHGE\WKHFKDQJHLQIOXLGSUHVVXUHC7LVGHILQHGDV
7
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
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
x 7KHFRHIILFLHQWRIEODGHURRWEHQGLQJPRPHQWLQERWKWKHD[LDODQGUDGLDOGLUHFWLRQV
C0\DQGC0[UHVSHFWLYHO\ZKLFKDUHGHILQHGDV
\
0\ 

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
x 7KHWLSVSHHGUDWLRȜZKLFKLVWKHUDWLREHWZHHQWKHWDQJHQWLDOYHORFLW\RIWKHEODGH
WLSDQGWKHD[LDOYHORFLW\RIWKHIORZLQJIOXLGLH


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:KHUH ݑஶ LVWKHWRZWDQNFDUULDJHVSHHG 	?  LVWKHURWDWLRQDOYHORFLW\RIWKHURWRUQLVWKH
URWRU WRUTXH F7 LV WKH URWRU WKUXVW DQG M[M\ DUH WKH EODGH URRW EHQGLQJ PRPHQWV 7KH
UHODWLRQVKLSEHWZHHQC3RUC7 DQGȜ VKRZV WKH WXUELQHSHUIRUPDQFHRYHU WKH UDQJHRI IORZ
FRQGLWLRQV DQG LV WKH PRVW FRPPRQ ZD\ RI SUHVHQWLQJ WKH SRZHUFDSWXUH FDSDELOLWLHV DQG
VWUXFWXUDOORDGVH[SHFWHGIRUDWXUELQHURWRU 
2.3. Design of Experiment 
7KHGHVLUHGRXWSXWRI WKLV WHVWSURJUDPZDVDVHWRI IXOO\FKDUDFWHUL]HGSHUIRUPDQFHFXUYHV
IRU WKH URWRU)RXU URWRU LQIORZVSHHGV i.e. FDUULDJH WRZYHORFLWLHVZHUHXVHGPV
PVPVDQGPV)RUHDFKLQIORZVSHHGDUDQJHRIURWDWLRQDOYHORFLWLHVVKRZQLQ7DEOH
ZHUHXWLOL]HGWRVXIILFLHQWO\SRSXODWHWKHURWRUSHUIRUPDQFHFXUYHVDQGFOHDUO\FKDUDFWHUL]H
WKHSHUIRUPDQFHDQGORDGWUHQGVRIWKHWXUELQH&KRUG5H\QROGVQXPEHUVDUHJLYHQLQ7DEOH
DQGVKRZWKHUDQJHRI5H\QROGVQXPEHUVDWUDGLXVZKHUHWKHFKRUGOHQJWKLVP 
7DEOH)OXLGDQGURWDWLRQDOYHORFLWLHVXVHGLQWHVWLQJSURJUDP
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( 
  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
7KLVWHVWSURJUDPZDVGHVLJQHGREVHUYLQJWKHUHTXLUHPHQWVRXWOLQHGLQ(TXL0DU'HOLYHUDEOH
'%HVWSUDFWLFHIRUWDQNWHVWLQJRIVPDOOPDULQHHQHUJ\GHYLFHV>@7HVWVZHUHUXQLQD
QRQVHTXHQWLDORUGHUDQGZHUH VFKHGXOHG EORFNHG WRDYRLG UDQGRPHUURUV VXFKDV WLPHRI
GD\ DIIHFWLQJ VWHDGLQHVV RI WDQN FDUULDJH RSHUDWRUV DIIHFWLQJ GDWD FROOHFWLRQ DQG WDQN
WHPSHUDWXUH YDU\LQJRYHU WKHGD\%\FKRRVLQJ WKH WRZDQG URWRUYHORFLWLHVRI WKH WHVWVDW
UDQGRPLWZDVDOVRHQVXUHGWKDWDQ\VRXUFHVRIXQFHUWDLQW\GHVFULEHGDV³QXLVDQFHIDFWRUV´LQ
WKH(TXL0DU%HVW3UDFWLFHVGRFXPHQW>@FRXOGEHHOLPLQDWHG 
7R DVFHUWDLQ WKH UHSHDWDELOLW\ RI WKH WHVWV D QXPEHU RI UHSHDW UXQV ZHUH SHUIRUPHG ,Q
SDUWLFXODURQHVHWRIFRQGLWLRQVZLWKDQLQIORZYHORFLW\RIPVDQGURWRUYHORFLW\RI
530ZDVUHSHDWHGWLPHV
2.4. Test methodology and data collection 


6HYHUDOWHVWVHWVZHUHUXQLQZKLFKWKHLQIORZVSHHGZDVIL[HGDQGWKHURWRUYHORFLW\YDULHG
SURGXFLQJ D IXOO\ GHILQHG SHUIRUPDQFH FXUYH IRU WKH WXUELQH DW HDFK LQIORZ VSHHG 'DWD
FROOHFWLRQZDVVWDUWHGLQWKH'$4SURJUDPPH6SLNHEHIRUHWKHFDUULDJHZDVDFFHOHUDWHGWR
WHVWYHORFLW\WRREWDLQDVWHDG\]HURUHDGLQJIRUDOOVHQVRUV'XULQJWKLVSHULRGWKHURWRUZDV
VSXQE\WKHPRWRUDW530&ROOHFWLRQRIRIIVHW]HURYDOXHVIRUWKHPHDVXUHPHQWHTXLSPHQW
ZHUH REWDLQHG ZKLOH WKH URWRU ZDV VSLQQLQJ VORZO\ WR DOORZ DQ\ URWRU PLVDOLJQPHQWV RU
EXR\DQF\IRUFHVWREHUHFRUGHGDQGWKHLUHIIHFWVFRQVLGHUHG:LWKWKHH[FHSWLRQRIWKHURWRU
YHORFLW\LWZDVDVVXPHGWKDWWKHPHDQYDOXHVRIWKHUHFRUGHGGDWDZHUH]HURDWWKLVYHU\ORZ
URWDWLRQDO VSHHG DQG WKDW GXH WR WKH FDUH WDNHQ WR HQVXUH DSSURSULDWH FDOLEUDWLRQ DQG
DPSOLILFDWLRQIDFWRUVDOOQRLVHLQWKHGDWDZDV*DXVVLDQDQGFRXOGWKHUHIRUHEHDVVXPHGWREH
]HURRYHUWKHPHDQ$PRWRUFRQWUROFXUYHYROWDJHZDYHIRUPWH[WILOHZDVLQSXWWR6SLNHWR
UDPSXSWKHURWRUURWDWLRQDOVSHHGJUDGXDOO\DQGNHHSLWFRQVWDQWRYHUWKHWHVWUXQ$VVKRZQ
LQ)LJXUHWKHFDUULDJHZDVUDPSHGXSWRWKHGHVLUHGLQIORZVSHHGRQFHWKHURWRUURWDWLRQDO
VSHHGZDVVWHDG\)LJXUHVKRZVWKHFDUULDJHDQGURWDWLRQDOYHORFLW\RXWSXWGDWDIURPRQHRI
WKHPVWHVWV
)LJXUH&DUULDJHYHORFLW\DQGURWRUURWDWLRQDOYHORFLW\OLYHGDWDRXWSXWIURPWHVW
7KHFDUULDJHZDVWRZHGGRZQWKHOHQJWKRIWKHWDQNDQGJUDGXDOO\VORZHGQHDUWKHHQG7KH
URWRUZDVUDPSHGGRZQRQFH WKHFDUULDJHVWRSSHGDQGWKHWDQNZDWHUZDVDOORZHGWRVHWWOH
EHIRUH WKHQH[W WHVWZDVUXQ,Q WKHWHVWUXQ LOOXVWUDWHG LQ)LJXUH WKH]HURUHJLRQRFFXUUHG
EHWZHHQWLPHt VDQGt VDQGWKHVWHDG\UHJLRQZDVWDNHQEHWZHHQt VDQG t V
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
JLYLQJ D WRWDO WLPH RI  V DW VWHDG\ FDUULDJH LQIORZ DQG URWDWLRQDO YHORFLWLHV 7KH VPDOO
GURSVLQWKHURWRUYHORFLW\RYHUWKHFRXUVHRIWKHWHVWZHUHIURPHOHFWULFDOQRLVHDQGGLGQRW
LQIOXHQFHWKHDFWXDOURWRUYHORFLW\
2.5. Post-processing 
0HDVXUHPHQWVIURPWKHWKUXVWDQGWRUTXHVHQVRUVEHQGLQJPRPHQWJDXJHVSUR[LPLW\VZLWFK
DWDUDWHRISXOVHSHUUHYROXWLRQDQGPRWRUHQFRGHUDWDUDWHRISXOVHVSHUUHYROXWLRQ
ZHUHRXWSXW DORQJZLWKD WLPHVWDPS WRD WH[W ILOHGXULQJ WHVWLQJ7KHELQDU\SXOVHYROWDJH
VLJQDOIURPWKHSUR[LPLW\VZLWFKZDVXVHGWRGHILQHWKHVWDUWRIHDFKURWRUUHYROXWLRQVXFKWKDW
GDWDFRXOGEHDYHUDJHGRYHUIXOOUHYROXWLRQV7KHFDUULDJHYHORFLW\ URWRU WRUTXH WKUXVWDQG
EODGH URRW EHQGLQJ PRPHQW RXWSXWV ZHUH DYHUDJHG RYHU DQ LQWHJHU QXPEHU RI URWRU
UHYROXWLRQVLQWKHVWHDG\VHFWLRQRIHDFKWHVWRQFHERWKWKHURWRUDQGFDUULDJHZHUHRSHUDWLQJ
DWVWHDG\YHORFLWLHV7KHPHDQ]HURYDOXHVIRUHDFKPHDVXUHPHQWZHUHVXEWUDFWHGIURPWKHVH
DYHUDJHYDOXHVWRFRUUHFWIRUPHDVXUHPHQWRIIVHWV 
7KHELQDU\SXOVHVLJQDOVIURPWKHSUR[LPLW\VZLWFKDQGPRWRUHQFRGHUDORQJZLWKWKH WLPH
VWDPS ZHUH XVHG WR FDOFXODWH D PRYLQJ DYHUDJH RI WKH URWRU URWDWLRQDO YHORFLW\ GXULQJ WKH
VWHDG\VHFWLRQRIHDFKWHVWJLYLQJDYLVXDOFKHFNRQWKHVWHDGLQHVVRIWKHURWRUYHORFLW\7KH
PHDQ URWRU YHORFLW\ ZDV FDOFXODWHG IURP WKLV PRYLQJ DYHUDJH URWRU YHORFLW\ DQG Ȝ ZDV
FDOFXODWHGDFFRUGLQJWR(T7KHVWDQGDUGGHYLDWLRQRIWKLVPRYLQJDYHUDJHURWRUYHORFLW\
ZDV FDOFXODWHG DQG XVHG WR H[SUHVV WKH XQFHUWDLQW\ LQ WKH PHDVXUHPHQW RI URWRU YHORFLW\
 VWGP:  :  
 8QFHUWDLQW\DQDO\VLV
)RUHDFKWHVWUXQWKHXQFHUWDLQW\DVVRFLDWHGZLWKWKHFDOFXODWHGSDUDPHWHUVFDXVHGE\WKHELDV
DQGSUHFLVLRQXQFHUWDLQWLHVLQWKHLQVWUXPHQWVZDVFDOFXODWHG7KLVVHFWLRQGHVFULEHVWKHKRZ
WKHVHXQFHUWDLQW\HVWLPDWHVZHUHPDGH 
3.1. Uncertainty in calibration 
7KHWKUXVWVHQVRUWRUTXHVHQVRUDQGEHQGLQJPRPHQWJDXJHVZHUHFDOLEUDWHGH[WHQVLYHO\WR
HQVXUHWKHPHDVXUHPHQWVWDNHQFRXOGEHSURFHVVHGZLWKFRQILGHQFH7KLVSURFHVVUHVXOWHGLQD
VHULHV RI FDOLEUDWLRQ HTXDWLRQV ZKLFK ZHUH DSSOLHG GLUHFWO\ LQ WKH '$4 VRIWZDUH GXULQJ
WHVWLQJDOORZLQJWKHPHDVXUHGYDOXHVWREHUHFRUGHGLQHQJLQHHULQJXQLWV7KLVPHDQWWKHOLYH
GDWDRXWSXWZDVLQHQJLQHHULQJXQLWVDOORZLQJTXLFNLGHQWLILFDWLRQRIWUHQGVDQGHUURUVGXULQJ


WKH WHVW UXQV D UHDGLQJ IRU WKUXVW IRUFH LQ 1HZWRQV LV HDVLHU WR FKHFN IRU DFFXUDF\ WKDQ D
UHDGLQJLQYROWV 
7KH FDOLEUDWLRQ RI WRUTXH LV XVHG DV DQ H[DPSOH IRU WKH XQFHUWDLQW\ DQDO\VHV PHWKRG
HPSOR\HG7RFDOLEUDWH WKH WRUTXHVHQVRUNQRZQ WRUTXH ORDGV DSSOLHGQ ZHUHDSSOLHG WR WKH
VWDWLRQDU\URWRUDQGWKHRXWSXWYROWDJH PHDVXUHGV ZDVUHFRUGHG$OLQHDUUHJUHVVLRQDQDO\VLVRI
WKHYDULRXVDSSOLHG WRUTXHVDQG UHVXOWLQJYROWDJHV VKRZHGDKLJKO\ OLQHDU FDOLEUDWLRQFXUYH
ZHOOILWWHGWRWKHGDWDZLWKFRHIILFLHQWVRIGHWHUPLQDWLRQ5DERYH'XULQJWHVWLQJWKH
YROWDJH UHDGLQJV ZHUH FRQYHUWHG WR WRUTXH PHDVXUHPHQWV E\ DSSO\LQJ D OLQHDU FDOLEUDWLRQ
HTXDWLRQRIWKHIRUP PHDVXUHG DSSOLHGV bQ a  ZKHUHbZDVWKHVORSHDQGa WKH RIIVHWFRQVWDQW  
7KHXQFHUWDLQW\DVVRFLDWHGZLWKWKLVFDOLEUDWLRQFXUYHZDVIRXQGEDVHGRQWKHVWDQGDUGHUURU
RI HVWLPDWH DV RXWOLQHG LQ WKH ,77&¶V GRFXPHQW 8QFHUWDLQW\ $QDO\VLV ,QVWUXPHQW
&DOLEUDWLRQ>@7KHVXPPHGVTXDUHRIUHVLGXDOV665LVGHILQHGDV
 5 66 n i iix y a bx   ¦  
ZKHUHxLVWKHNQRZQYDOXHyLVWKHPHDVXUHGYDOXHWKHUHDUHnVDPSOHSRLQWVZKHUHiLVWKH
VDPSOH QXPEHU DQG a DQG b DUH IURP WKH OLQHDU FDOLEUDWLRQ HTXDWLRQ 7KH GRFXPHQW >@
VWDWHVWKDWWKHVWDQGDUGHUURURIHVWLPDWH6((LVDPHDVXUHRIWKHVWDQGDUGGHYLDWLRQIRUWKH
OLQHDUUHJUHVVLRQDQDO\VLVDQGLVGHILQHGDV
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7KH SUHFLVLRQ XQFHUWDLQW\ 3FDOLEUDWLRQ4P  DVVRFLDWHG ZLWK WKH OLQHDU UHJUHVVLRQ PHWKRG RI
FDOLEUDWLRQRIWRUTXHZDVGHWHUPLQHGIURP
3FDOLEUDWLRQ4 6((xP   
7KHWRWDOELDVXQFHUWDLQW\LQWKHWRUTXHPHDVXUHPHQWIRUH[DPSOHIURPWKHXQFHUWDLQW\LQWKH
PDVV RI WKH FDOLEUDWLRQ ZHLJKWV XVHG ZDV FDOFXODWHG E\ WKH ODZ RI SURSDJDWLRQ RI
XQFHUWDLQW\ DV GHWDLOHG LQ >@ DQG RXWOLQHG LQ (TXL0DU 'HOLYHUDEOH '  >@ 'XULQJ
FDOLEUDWLRQWKHWRUTXH DSSOLHGQ ZDVFDOFXODWHGIURP
DSSOLHGQ mgl  


:KHUH m ZDV WKH PDVV RI WKH ZHLJKW DSSOLHG GXULQJ FDOLEUDWLRQ ZLWK D ELDV XQFHUWDLQW\ RI
%PP  NJgZDV WKHJUDYLWDWLRQDOFRQVWDQWZLWKDELDVXQFHUWDLQW\RI %JP  PV
DQGlZDVWKHPRPHQWDUPZLWKDELDVXQFHUWDLQW\RI %OP  P7KHFDOFXODWLRQRIWKH
WRWDOELDVXQFHUWDLQW\ LQ WKH WRUTXHPHDVXUHPHQW %FDOLEUDWLRQ4P  LQ1PZDVEDVHGRQ WKHELDV
XQFHUWDLQW\IRUHDFKRIWKHVHYDULDEOHVDQGLVH[SUHVVHGDV
 %J%P %O
%FDOLEUDWLRQ4 DSSOLHG   Q m g l
PP PP     
&RPELQLQJWKHSUHFLVLRQDQGELDVXQFHUWDLQWLHVDFFRUGLQJWRWKHPHWKRGRXWOLQHGLQ>@WKH
WRWDOXQFHUWDLQW\LQ1PDVVRFLDWHGZLWKWKHFDOLEUDWLRQRIWRUTXHZDVFDOFXODWHGE\
 
4FDOLEUDWLRQ 3FDOLEUDWLRQ4 %FDOLEUDWLRQ4P P P   
7KH XQFHUWDLQW\ LQ HDFK RI WKH FDOLEUDWHG LQVWUXPHQWV ZDV IRXQG LQ WKLV PDQQHU DQG WKH
XQFHUWDLQW\YDOXHVIRUHDFKPHDVXUHGYDULDEOHDUHJLYHQLQ7DEOH

7DEOH8QFHUWDLQW\YDOXHVIURPFDOLEUDWLRQ
9$5,$%/( 0($19$/8( 81&(57$,17<9$/8(635(&,6,21 %,$6 727$/
Q 1P    
FT1    
M\1P    
M[1P    

7KHGDWD LQ7DEOH  VKRZHG WKDW WKH WRWDO FRPELQHG ELDV DQG SUHFLVLRQ XQFHUWDLQW\ LQ WKH
FDOLEUDWLRQRIHDFKLQVWUXPHQWZDVWZRRUGHUVRIPDJQLWXGHVPDOOHUWKDQWKHDVVRFLDWHGPHDQ
YDOXHRIWKDWPHDVXUHPHQWSURYLGLQJFRQILGHQFHLQWKHFDOLEUDWLRQSURFHVV 
)LJXUHVKRZVVHYHUDOFDOLEUDWLRQGDWDSRLQWVDQGWKHDVVRFLDWHGXQFHUWDLQW\ERXQGVIRU WKH
WKUXVW VHQVRU 7KH VPDOO UDQJH RI IRUFH YDOXHV VKRZQ ZDV UHTXLUHG VR WKDW WKH XQFHUWDLQW\
ERXQGVDUHYLVLEOH


)LJXUH7KUXVWFDOLEUDWLRQFXUYHZLWKERXQGLQJXQFHUWDLQW\OLQHV

)LJXUHLOOXVWUDWHVWKDWDOOGDWDSRLQWVIDOOZLWKLQWKHXQFHUWDLQW\ERXQGVKLJKOLJKWLQJWKHORZ
OHYHORIVFDWWHULQWKHFDOLEUDWLRQWHVWGDWD  
3.2. Uncertainty in calculated parameters 
)RU HDFK WHVW WKH XQFHUWDLQW\ LQ WKH ILQDO FDOFXODWHG UHVXOWV IURP WKH ELDV DQG SUHFLVLRQ
XQFHUWDLQWLHV LQ WKH LQVWUXPHQWV ZDV FDOFXODWHG XVLQJ WKH PHWKRG RI SURSDJDWLRQ RI
XQFHUWDLQW\DVSUHYLRXVO\GHVFULEHG)RUH[DPSOHWKHXQFHUWDLQW\RIC3 3&P ZDVDIXQFWLRQ
RIWKHXQFHUWDLQW\LQHDFKRIWKHSDUDPHWHUVXVHGWRFDOFXODWHC3IURP(TDQGLVJLYHQE\
% %
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9DOXHVZLWKWKHVXEVFULSW³PHDQ´ZHUHWKHDYHUDJHYDOXHRIHDFKPHDVXUHPHQW WDNHQZKHQ
WKHFDUULDJHDQGURWRUYHORFLWLHVZHUHVWHDG\GXULQJHDFKWHVWUXQ7KLVJDYHWKHXQFHUWDLQW\LQ
WKHFDOFXODWHGYDOXHIRUC3
7KHVDPHSURFHVVZDVXQGHUWDNHQIRUHDFKRIWKHUHTXLUHGH[SHULPHQWDORXWSXWV
 5HVXOWV
)LJXUHDQG)LJXUHVKRZC3DQGC7DVDIXQFWLRQRIȜ
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

)LJXUHC3  ɉFXUYHIRUYDU\LQJLQIORZVSHHGV 
)LJXUHVKRZVWKDWDJHQHUDOWUHQGIRUHDFKRIWKHIRXUWRZYHORFLWLHVSUHVHQWHGZLWKVRPH
PLOGVFDWWHU LQ WKHGDWD7KHHIILFLHQF\RI WKHURWRU LQFUHDVHGZLWK LQFUHDVLQJɉǡSHDNHGDQG
WKHQEHJDQGHFUHDVLQJ7KHSHDNHIILFLHQF\RFFXUUHGDWDɉRIIRUWKHPVWHVWVZLWKD
C3RIDWDɉRIIRUWKHPVWHVWVZLWKDC3RIDQGDWDɉRIIRUWKH
PVWHVWVZLWKDC3RI 
)LJXUHC7  ɉFXUYHIRUYDU\LQJLQIORZVSHHGV

)URP)LJXUHC7 IRU WKH URWRU LQFUHDVHG VWHHSO\EHIRUH OHYHOLQJRII DQGSHDNLQJDW DɉRI
DSSUR[LPDWHO\$IWHUZKLFKC7GHFUHDVHGWRDERXW&RPSDULVRQEHWZHHQWKHSORWVRI
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
C3DQGC7VKRZHGWKDWIRUHDFKIORZVSHHG WKHSHDNSRZHUFDSWXUHHIILFLHQF\RI WKHURWRU
URXJKO\FRLQFLGHGZLWKWKHWUDQVLWLRQIURPVWHHSWRPRUHVKDOORZLQFUHDVHLQC7 
)LJXUHDQG)LJXUHVKRZWKHD[LDODQGUDGLDOURRWEHQGLQJPRPHQWFRHIILFLHQWV
)LJXUHC0\ ɉFXUYHIRUYDU\LQJLQIORZVSHHGV
)LJXUHC0[ ɉFXUYHIRUYDU\LQJLQIORZVSHHGV
)URP)LJXUH WKHFRHIILFLHQWRID[LDOEHQGLQJPRPHQWLQFUHDVHGVWHHSO\IURPDW WKH
ORZHVW ɉ WR  DW D ɉ RI  D  LQFUHDVH )RU ɉ EHWZHHQ  DQG  WKHUH ZDV D
UHODWLYHO\VPDOOLQFUHDVHLQEHQGLQJPRPHQWFRHIILFLHQWLQFUHDVH)URP)LJXUHWKH
FRHIILFLHQW RI EHQGLQJ PRPHQW GHFUHDVHG LQLWLDOO\ XQWLO ɉ RI DERXW  WKHQ LQFUHDVHG

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FRQWLQXRXVO\UHDFKLQJDPD[LPXPRIDWDɉ RI7KHGLIIHUHQFHEHWZHHQWKHPV
WHVWVDQGWKHKLJKHULQIORZVSHHGWHVWVLVWKRXJKWWREHGXHWR5H\QROGVQXPEHUHIIHFWVZKLFK
DUHGLVFXVVHGLQ6HFWLRQ
4.1. Uncertainty analysis results 
)LJXUHVKRZVWKHSHUFHQWDJHXQFHUWDLQW\LQC3C7DQGȜDVDIXQFWLRQRIWLSVSHHGUDWLR 
)LJXUH3HUFHQWDJHXQFHUWDLQW\IRUFDOFXODWHGSDUDPHWHUV 
7KHXQFHUWDLQW\LQC7DQGȜZDVFRQVLVWHQWO\XQGHU$VVKRZQLQ)LJXUHWKHUHZDVD
JUHDWHUSHUFHQWDJHXQFHUWDLQW\LQC3DWYHU\ORZDQGYHU\KLJKȜZKHUHWKHYDOXHVRIC3ZHUH
VPDOO 7KH XQFHUWDLQW\ LQ C3 ZDV OHVV WKDQ  IRU WHVWV EHORZ ɉ RI  ZLWK D PD[LPXP
XQFHUWDLQW\LQC3RIDWWKHPD[LPXPɉ7KLVJDYHDQRYHUDOOXQFHUWDLQW\LQWKHC3YDOXHV
RIOHVVWKDQIRURIWKHWHVWV 
)LJXUHVKRZVWKHSHUFHQWDJHXQFHUWDLQW\LQC0\DQGC0[DVDIXQFWLRQRIȜ
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
)LJXUH3HUFHQWDJHXQFHUWDLQW\IRUFDOFXODWHGSDUDPHWHUV 
7KHXQFHUWDLQW\LQC0\ZDVFRQVLVWHQWO\OHVVWKDQIRURYHURIWKHWHVWVGRQH)URP
)LJXUH&0[KDGWKHODUJHVWSHUFHQWXQFHUWDLQW\RYHUIRURIWKHWHVWV$V7DEOH
VKRZVWKHFRPELQHGXQFHUWDLQW\LQWKHFDOLEUDWLRQRIWKHUDGLDOEODGHURRWEHQGLQJPRPHQW
&0x,ZDVRIWKHVDPHRUGHURIPDJQLWXGHDVWKDWRIWKHD[LDOEODGHURRWEHQGLQJPRPHQWC0\
KRZHYHU WKH PHDVXUHG UDGLDO EHQGLQJ PRPHQWV ZHUH VPDOO PDNLQJ WKH SHUFHQWDJH
XQFHUWDLQW\PXFKKLJKHUWKDQIRUWKHRWKHUPHDVXUHPHQWV
7KHVWDQGDUGGHYLDWLRQVRIWKHC3C7C0xC0yDQGɉIRUWKHUHSHDWHGWHVWVZHUHFRPSDUHG
ZLWKWKHVHW¶VPLQLPXPXQFHUWDLQW\IRUHDFKYDULDEOH&RPSDULQJWKHVWDQGDUGGHYLDWLRQWRWKH
PLQLPXP XQFHUWDLQW\ LQGLFDWHG LI WKH H[SHULPHQWDO VFDWWHU ZDV ZLWKLQ WKH FDOLEUDWLRQEDVHG
XQFHUWDLQW\ ERXQGV JLYLQJ D FRQVHUYDWLYH DQDO\VLV RI WKH UHSHDWDELOLW\ RI WKH WHVWV 7DEOH 
VKRZV WKH VWDQGDUG GHYLDWLRQ DQG WKH PLQLPXP XQFHUWDLQW\ IRU HDFK SDUDPHWHU RYHU WKH 
WHVWV
7DEOH5HVXOWVRIWKHUHSHDWDELOLW\DQDO\VLV
3(5)250$1&(&+$5$&7(5,67,& 67$1'$5''(9,$7,21 0,1,08081&(57$,17<
C3  
C7  ɉ  
C0x H 
C0y H 
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7KH UHSHDWDELOLW\ DQDO\VLV VKRZHG WKDW IRU HDFK RI WKH SHUIRUPDQFH FKDUDFWHULVWLFV WKH
VWDQGDUG GHYLDWLRQ RI WKH YDOXHV LQ WKH VHW RI UHSHDWHG WHVWV IHOO ZLWKLQ WKH ERXQGV RI WKH
NQRZQXQFHUWDLQW\DVVRFLDWHGZLWKWKDWYDOXHLOOXVWUDWLQJWKHKLJKUHSHDWDELOLW\RIWKHUHVXOWV
 'LVFXVVLRQ
7KH DLP RI WKLV WHVW SURJUDP ZDV WR REWDLQ KLJK TXDOLW\ GDWD WR XVH IRU YHULILFDWLRQ DQG
FDOLEUDWLRQ RI SHUIRUPDQFH PRGHOV 7KH RSWLPXP URRW SLWFK DQJOH ZDV QRW SUHGHWHUPLQHG
7KLV UHGXFHG WKH PD[LPXP C3 DQG C7 WR YDOXHV EHORZ WKH WKHRUHWLFDO PD[LPXP IRU WKHVH
EODGHV 7KLV WHVW GDWD LV WKHUHIRUH QRW SUHVHQWHG WR VKRZFDVH WKH RSWLPXP SHUIRUPDQFH RI
15(/6EODGHVEXWUDWKHUWRHPSLULFDOO\TXDQWLI\WKHLUSHUIRUPDQFH 
)RU WKLV V\VWHP WKH URWRUWDQN EORFNDJH UDWLR ZDV  HYLGHQFH IURP WKH OLWHUDWXUH
VXJJHVWHGWKDWLWZDVQRWQHFHVVDU\WRDSSO\DQ\FRUUHFWLRQ
$VPDOODPRXQWRIQRLVHZDVFDSWXUHGLQWKHGDWDKRZHYHUWKLVQRLVHZDVRIHTXDODPSOLWXGH
DERYHDQGEHORZWKHGDWDPHDQDQGWKHSURFHVVLQJPHWKRGHQVXUHGGDWDZDVDYHUDJHGRYHUD
IXOOURWDWLRQRIWKHURWRU7KHUHIRUHLWZDVGHHPHGDFFHSWDEOHWRWDNHWKHPHDQYDOXHVRIWKH
GDWDFDSWXUHGZLWKRXWDSSO\LQJDILOWHU 
7KHHIILFLHQ\RIWKHURWRUSUHVHQWHGZDVZHOOEHORZ%HW]OLPLWRI>@7KLVLVWKRXJKWWR
EH GXH WR KLJK IULFWLRQDO ORVVHV LQ WKH V\VWHP D QRQRSWLPXP URRW SLWFK VHWWLQJ DQG ORZ
5H\QROGVQXPEHURSHUDWLRQDO HIIHFWV/RVVHV LQD VFDOHPRGHO WHVWKDYHDKLJKHU LPSDFWRQ
WHVW UHVXOWV WKDQ LQ ODUJHU V\VWHPV GXH WR D KLJKHU UDWLR EHWZHHQ IULFWLRQDO ORVVHV DQG WKH
FDSWXUHGSRZHU7KHSHUIRUPDQFHRIWKHEODGHDLUIROVKDSHZKLFKLVGHSHQGDQWRQWKHFKRUG
5H\QROGVQXPEHUDOVRLQIOXHQFHGSRZHUFDSWXUH5H\QROGVQXPEHUPDWFKLQJIRUVPDOOVFDOH
WLGDO WXUELQHV LV OLPLWHG DW PRVW WHVW IDFLOLWLHV GXH WR FDUULDJH DQG URWDWLRQDO YHORFLW\
FRQVWUDLQWV)RUWKLVZRUNGXHWRWKHVPDOOVFDOHRIWKHWXUELQHVEHLQJWHVWHGWKHRSHUDWLRQDO
UDQJH RI 5H\QROGV QXPEHUV ZDV ORZ ,Q WKH ORZHU 5H\QROGVQXPEHU UDQJHV DLUIRLO
SHUIRUPDQFH LV GHJUDGHG DQG XQXVXDO SHUIRUPDQFH FKDUDFWHULVWLFV FDQ GHYHORS FDXVHG E\
GLIIHUHQW HIIHFWV RI WUDQVLWLRQ ODPLQDU VHSDUDWLRQ DQG ODPLQDU EXEEOH EHKDYLRU >@ 7KH
GLIIHUHQFHVEHWZHHQWKHSHUIRUPDQFHFXUYHVREWDLQHGDWGLIIHUHQWFDUULDJHVSHHGV±SDUWLFXODUO\
EHWZHHQ WKH  PVC3ɉ FXUYH DQG WKRVH RI WKH KLJKHU LQIORZ VSHHG WHVWV  KLJKOLJKW WKH
5H\QROGV QXPEHU VHQVLWLYLWLHV $V WKH LQIORZ VSHHG DQG 5H\QROGV QXPEHU LQFUHDVHG WKH
WXUELQH EHFDPH PRUH HIILFLHQW DQG WKH RSWLPXP Ȝ GHFUHDVHG $W KLJKHU LQIORZ VSHHGV WKH
C3ɉ FXUYHV EHJDQ WR FRQYHUJH DV VHHQ LQ )LJXUH  $FFRUGLQJ WR H[SHULPHQWDO UHVHDUFK
XQGHUWDNHQ E\ 0LOQH >@ WKHUH LV D SRVVLELOLW\ WKDW ODPLQDU ERXQGDU\ OD\HU VHSDUDWLRQ


RFFXUHG RQ WKH XSSHU DQG ORZHU DLUIRLO VXUIDFHGXH WR WKH WKLFNQHVV RI WKH DLUIRLOZKLFK LV
WKRXJKWWRKDYHLQIOXHQFHGWKHSHUIRUPDQFHRIWKH15(/6DLUIRLO7KHVHHIIHFWVPD\KDYH
DOVRYDULHGZLWK5H\QROGVQXPEHUKRZHYHUWKLVZDVQRWLQYHVWLJDWHGDWWKLVWLPH 
&DUULDJHYLEUDWLRQVVSHHGWROHUDQFHVDQGXQLIRUPLW\FDQDIIHFWWKHDFFXUDF\RIVSHHGFRQWURO
DQGWKHOHQJWKRIWLPHIRUGDWDFROOHFWLRQDWDFRQVWDQWVSHHG+RZHYHULQWKLVWHVWVHWXSWKH
XQFHUWDLQW\LQɉZDVVKRZQWREHFRQVLVWHQWO\EHORZ7KLV ORZXQFHUWDLQW\GXHWRWKH
KLJKSUHFLVLRQLQWKHFDUULDJHVSHHGFRQILUPVWKDWWKHTXDOLW\RIWKHLQIORZYHORFLW\DQGURWRU
VSHHGGLGQRWQHJDWLYHO\LQIOXHQFHWKHWHVWUHVXOWV'XHWRWKHKLJKIUHTXHQF\RIGDWDFDSWXUH
DQGWKHOHQJWKRIWLPHDWVWHDG\VWDWHLQWKHWRZWDQNIDFLOLW\LWZDVSRVVLEOHWRREWDLQODUJH
VDPSOHQXPEHUV7KLVHQVXUHG WKDW WKHHIIHFWRIDQ\IOXFWXDWLRQVZRXOGEHQHJDWHGRYHU WKH
WHVWSHULRG$V)LJXUHVKRZVERWKWKHFDUULDJHVSHHGDQGWKHPRWRUURWDWLRQDOVSHHGLQSXW
ZHUHPDLQWDLQHGDWVWHDG\YDOXHVRYHUWKHVWHDG\UHJLRQ 
 &RQFOXVLRQV
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